Bianchi types II, VIII, and IX string cosmological models are obtained and presented in a scalartensor theory of gravitation proposed by Brans and Dicke 1961 for λ ρ 0. We also established the existence of only Bianchi type IX vacuum cosmological model for λ ρ, where λ and ρ are tension density and energy density of strings, respectively. Some physical and geometrical features of the models are also discussed.
Introduction
Brans and Dicke 1 introduced a scalar-tensor theory of gravitation involving a scalar function in addition to the familiar general relativistic metric tensor. In this theory the scalar field has the dimension of inverse of the gravitational constant, and its role is confined to its effects on gravitational field equations.
Brans-Dicke field equations for combined scalar and tensor field are given by
where G ij R ij − 1/2 Rg ij is an Einstein tensor, T ij is the stress energy tensor of the matter, and ω is the dimensionless constant. In recent years, there has been a considerable interest in cosmological models in Einstein's theory and in several alternative theories of gravitation with cosmic string source. Cosmic strings and domain walls are the topological defects associated with spontaneous symmetry breaking whose plausible production site is cosmological phase transitions in the early universe Kibble 14 . The gravitational effects of cosmic strings have been extensively discussed by Vilenkin Bianchi type space-times play a vital role in understanding and description of the early stages of evolution of the universe. In particular, the study of Bianchi types II, VIII, and IX universes is important because familiar solutions like FRW universe with positive curvature, the de Sitter universe, the Taub-NUT solutions, and so forth correspond to Bianchi types II, VIII, and IX space-times. Chakraborty [40] [41] [42] have obtained Bianchi types II, VIII, and IX string cosmological models, perfect fluid cosmological models in Saez-Ballester theory of gravitation, and string cosmological models in general relativity as well as self-creation theory of gravitation, respectively.
In this paper we will discuss Bianchi types II, VIII, and IX string cosmological models in a scalar-tensor theory proposed by Brans and Dicke 1 .
Metric and Energy Momentum Tensor
We consider a spatially homogeneous Bianchi types II, VIII, and IX metrics of the form The energy momentum tensor for cosmic strings 17 is
where u i is the four-velocity of the string cloud, x i is the direction of anisotropy, ρ and λ are the rest energy density and the tension density of the string cloud, respectively. The string source is along the Z-axis which is the axis of symmetry. Orthonormalisation of u i and x i is given as
In the commoving coordinate system, we have from 2.2 and 2.3
The quantities ρ, λ and the scalar field φ in the theory depend on t only. 
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where "." denotes differentiation with respect to "t".
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When δ 0, −1 & 1, the field equation 3.1 correspond to the Bianchi types II, VIII, and IX universes, respectively.
Using the transformation R e α , S e β , dt R 2 S dT, 3.1 reduce to
where " " denotes differentiation with respect to "T ". Since we are considering the Bianchi types II, VIII, and IX metrics, we have h θ θ, h θ sinh θ, and h θ cos θ for Bianchi types II, VIII, and IX metrics, respectively. Therefore, from 3.5 , we will consider the following possible cases with h θ / 0:
3.8
Case 1 for α − β 0 and φ / 0 . Here, we get α β c. Without loss of generality by taking the constant of integration c 0, we get α β.
3.9
By using 3.9 , 3.2 to 3.7 will reduce to 2β − 3β 2 e 4β 4 Here we will present string cosmological models corresponding to ρ λ 0 and ρ λ. 
where c 1 and c 2 are integration constants. Using 3.22 in 3.11 and 3.12 , we have 8πρ −8πλ
The corresponding metric can be written in the form
3.24
Thus , where c 3 and c 4 are integration constants. Using 3.26 in 3.11 and 3.12 , we have
The corresponding metric can be written in the form The corresponding metric can be written in the form 
3.32
Thus, 3.32 together with 3.31 constitutes the Bianchi type IX string cosmological model in Brans-Dicke theory of gravitation.
Physical and Geometrical Properties
The volume element V , expansion θ, and shear σ for the models 3.24 , 3.28 , and 3.32 are given by for the Bianchi type IX model. 
3.58
Thus, 3.58 together with 3.49 constitutes an exact Bianchi type IX vacuum cosmological model in Brans-Dicke theory of gravitation.
Physical and Geometrical Properties
The spatial volume V , expansion θ, and the shear σ for the models 3.47 and 3.58 are given by The corresponding metric can be written in the form The corresponding metric can be written in the form ds 2 8m 1 3 sec h 3 2m 1 T n 1 dT 2 − 2m 1 sec h2m 1 T n 1 dθ 2 sin 2 θ dφ 2 − 2m 1 sec h2m 1 T n 1 dψ cos θ dφ 2 .
3.81
Thus, 3.81 together with 3.80 constitutes an exact Bianchi type IX vacuum cosmological model in general theory of relativity.
Physical and Geometrical Properties
The spatial volume V , expansion θ, and the shear σ for the models 3.72 , 3.76 , and 3.81 are given by
for the Bianchi type II model, 
Conclusions
In view of the importance of Bianchi types II, VIII, and IX space times and cosmic strings in the study of relativistic cosmology and astrophysics, in this paper we have studied and presented Bianchi types II, VIII, and IX string cosmological models in Brans-Dicke theory of gravitation.
In case of 1.1 , for the equation of state λ ρ 0, the models 3.24 , 3.28 , and 3.32 represent, respectively, Bianchi types II, VIII, and IX string cosmological models in Brans-Dicke theory of gravitation. The spatial volume of the models 3.24 , 3.28 , and 3.32 are decreasing as T → ∞; that is, the models are contacting with the increase of time. Also, the models have no initial singularity.
In Case of 3, for the equation of state λ ρ, we will get only Bianchi type IX vacuum cosmological model in Brans-Dicke theory of gravitation. Also, in this case, we established the nonexistence of Bianchi types II and VIII geometric string cosmological models in Brans-Dicke theory of gravitation and hence presented only vacuum cosmological models of general relativity. The volume of all the models is decreasing as T → ∞, and also the models are free from singularities.
In Case 5, we obtained only Bianchi types II and VIII string cosmological models of general relativity with λ ρ 0 and also got Bianchi type IX vacuum cosmological model of general relativity, since the scalar field φ is constant. The spatial volume of the models 3.72 , 3.76 , and 3.81 are decreasing as T → ∞; that is, the models are contracting with the increase of time. Also the models 3.72 and 3.76 have initial singularity at T −b/a, a / 0, and the model 3.81 has no initial singularity.
